The quantum critical dynamics of the quantum phase transitions is considered. In the framework of the unified theory, based on the Keldysh technique, we consider the crossover from the classical to the quantum description of the boson many-particle system dynamics close to the second order quantum phase transition. It is shown that in this case the upper critical space dimension of this model is d + c = 2, therefore the quantum critical dynamics approach is useful in case of d < 2. In the one-dimension system the phase coherence time does diverge at the quantum critical point, gc, and has the form of τ ∝ − ln |g − gc|/(g − gc), the correlation radius diverges as rc ∝ |g − gc| −ν (ν = 0.6).
I. INTRODUCTION
We consider the dissipative critical dynamics of the quantum phase transitions (QPT) taking place in the system of the coupled enharmonic oscillators with onecomponent order parameter (n = 1) corresponding, for example, to the Ising magnet [1] .
It is well known that at T = 0, in the regime of quantum fluctuations (zero-point fluctuations), the ordering phase transition is possible in these systems [2] . In addition it is believed that the critical exponents of this phase transition are determined with help of the simple rule: the exponents of the phase transition in a d-dimension system at T = 0 are the same as at T = 0 but in the system with greater per unit dimension: d ef f = d+z = d+1 [3] . Hence one can conclude that the upper critical space dimension of the considered system is d + cr = 3. Let us call it quantum mechanical (QM) approach. However, when describing the dynamics of the statistical ensemble of the coupled oscillators (N → ∞) one needs to take into account the dissipation effect [4] . In case of ω ≫ kT this leads to the change of the critical exponents and the universality class of the phase transition in the one-dimension system: z ≈ 2, d + cr = 2 [5] . In this paper we describe the critical dynamics of the Ising magnet system close to QPT using the Keldysh technique [6] . This approach is developed for description of the dynamics of non-equilibrium quantum systems. Therefore, we suppose it will allow us to describe the crossover from the critical dynamics to the quantum critical dynamics (QCD) using the uniform technique. We also believe that it help us to outline the borders of applicability of the QM and QCD approaches to the QPT description.
II. CROSSOVER FROM THE CRITICAL DYNAMICS TO THE QUANTUM CRITICAL DYNAMICS IN THE KELDYSH TECHNIQUE
Let us consider the quantum critical dynamics of the Ginsburg-Landau model in terms of the Keldysh technique. The Lagrangian of this model has the following form:
where φ is the scalar order parameter field, which obeys to the bose statistics. We suppose µ and v to depend on some external parameter g, that controls the system state.
It is convenient to describe the non-equilibrium dynamics of quantum systems in terms of the Keldysh technique. Since we assume the uniform description of both quantum (T → 0) and classical (T ≫ 0) systems, we consider the system interacting with a heat bath at the temperature T .
According to the Keldysh approach to the description of non-equilibrium dynamics of the system one should write the generating functional in the form of
where φ = {φ q , φ cl }, φ cl and φ q are the "classical" and "quantum" parts of the order parameter accordingly, g cl and g q are the sources of these fields, and L is the fields lagrangian density. Below it will be more convenient to move from the Minkowski space to the Euclidean one by the Wick rotation, t = −ix 4 . Then
Note, that in this case every contact of the system with any environment, including external noise, is described as the interaction with the heat bath, while the "internal (quantum) noise" is implied in the description directly in the description. In this case according to [6] one can write the Keldysh Lagrangian in the form of:
where
, and U (φ) is the interaction part. According to the Keldysh approach to the description of non-equilibrium dynamics one can write an expression for the Retard, Advanced and the Keldysh parts of the Green function (matrix) in the form of:
where F is the Hermitian matrix (F = F † ), and the circular multiplication sign implies integration over the intermediate time (matrix multiplication) [6] . One can check that
After the Wigner transform (WT) in the frequency representation we come to
where f (ω) is the distribution function. For a boson system in thermal equilibrium f = −i coth(ω/T ), where T is the temperature of the heat bath [6] . This is the FDT, which, as it is shown later, takes a different form in the classical and quantum limits. If we consider the system with dissipation, then
where γ is the kinetic coefficient. In the quantum case T ≪ ω (see Fig. 1 )
The FDT has the following form:
In the classical case T ≫ ω (see Fig. 1 )
and the system satisfies the usual classical form of FDT:
. Below we will concentrate on the quantum limit (ω ≫ T ≈ 0), when coth(ω/T ) → sign(ω), the temperature is not essential in the FDT, L noise = φ q (2γ|ω|) φ q , and the Keldysh Green function has the following form:
Note, that in the case of k → 0 G K (ω) = 2/γ|ω|. This is the so called 1/f -noise, whose intensity does not depend on the temperature but it is equal to . One can infer that the presence of 1/f -noise is a natural property of the cold many-body bose system, which follows from the quantum character of dynamics in T = 0.
FIG. 1:
The red line is the graphic representation of coth(ω/T ) versus T function (with ω = 4), the green line is the T /ω function. At high temperatures these graphics coincide, which corresponds to the critical dynamics. However, coth(ω/T ) → sign(ω) close to T = 0, where the system is described by the quantum critical dynamics.
III. QUANTUM CRITICAL DYNAMICS OF THE d = 2 − ε GINSBURG-LANDAU MODEL
We suppose that the system is close to the second order phase transition, when the interaction part of the action can be written as
where µ(g) = (g − g c ) → 0 close to the phase transition point, g c . Below we will consider the quantum limit T → 0 of the critical dynamics of this system in the d = 2 − ε space dimension close to the second order critical point. The critical dynamics rests on the hypothesis of dynamic scaling, according to which the action should be invariant with respect to the scale transformations which conformly expand the space and time coordinates (ω ∝ k dω ). In this case the summarized dimension, 
is the frequency dimension [7, 8] . The canonical dimensions of the values of our theory are given in the table:
The renormalization procedure is carried out with the standard method. It is assumed that the fields φ q , and φ cl are slow-varying ones, such that the Fourier-transformed fields have only long-wave components: |k| < k 0 ; ω < ω 0 . At the first step of RG transformations one integrates the partition function over the components of the fields in the limited wave band Λk 0 < k < k 0 , Λ z ω 0 < ω < ω 0 . The renormalized parameters have the following form:
where Z φq , Z φ cl , Z µ , Z v and Z γ are the constants of renormalization. Let us explain the renormalization of µ as an example in detail. We will limit ourselves to using the one loop approximation, that is quite enough for the demonstration of all the features of the theory. In this case the graphical representation of the main divergent contribution to the renormalization is shown in Fig. 3b , and the renormalization constant of µ has the form:
One can assume that the reason of this is following: Indeed, at the time scales which are much more then the phase coherence time the description of the phase transition needs the QM approach. However, at the phase transition the phase coherence time diverges, and the experimental time scales can not exceed it. As a result the observed critical behaviour corresponds to the QCD description.
